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Abstract
We give a family of two component links which are 2-universal.
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1. Introduction
We are interested in the problem of finding 2-universal links. A link or knot l is
2-universal if every closed orientable 3-manifold is a covering of S3 branched along l,
and all branching indices are one or two. If f :M3 → S3 is a covering branched along l,
the preimage of a meridian µ consists of components which map onto µ as unbranched
coverings of degree i1, . . . , in. These numbers are the branching indices of the component
of l having meridian µ. A branched covering f :M3 → S3 is of type {1,2} if all branching
indices are one or two.
The interest in 2-universal links or knots was pointed out by Thurston [6]; but the
problem of finding 2-universal links or knots seems to be very difficult, for most known
universal knots (links) are two bridge knots or Montesinos’, and these are not 2-universal
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knots [1]. Several examples of 2-universal links are given in [2], however all these exam-
ples have at least three components. In this paper we give a family of two component links
which are 2-universal.
The paper is arranged as follows: In Section 2 we give a covering f :S3 → S3 branched
along a torus knot τp,q , p = (q + 1)/3, q = 22n+1, n 1, of type {1,2}. This covering will
be very useful for the construction of the family of 2-universal links. In Section 3 we state
and prove our main result.
2. Branched coverings of S3
In this section we will show that S3 is a covering of S3 branched along the knot τp,q
of type {1,2}. We will think of τp,q as a regular fiber of the Seifert bundle (S3, τp,q) =
(O,0; (p − 1)/p,−(q − 3)/q).
Proposition 2.1. Let τp,q be a torus knot in the 3-sphere with p = (q + 1)/3, q = 22n+1,
and n 1. Then S3 is a covering of type {1,2} of S3 branched along τp,q .
Proof. Let S be the base space of (S3, τp,q) = (O,0; (p − 1)/p,−(q − 3)/q) obtained by
identifying each fiber to a point, and let ρ : (S3, τp,q) → S be the natural projection onto
the base space. The restriction ρ0 : (S3 − τp,q) → (S − ρ(τp,q)) induces an epimorphism
ρ0∗of π1(S
3 − τp,q) onto the orbifold fundamental group πo1 (S − ρ(τp,q)) = Zp ∗ Zq =‖z1, z2: zp1 = 1 = zq2‖ with kernel the infinite cyclic group generated by a regular fiber h.
If ‖a1, a2: ap1 = 1 = aq2 ‖ is a presentation of π1(S3 − τp,q), then we can write
ρ0∗(a1) = zq1 , ρ0∗(a2) = zp2 , ρ0∗(µ) = z1z2, where µ is the meridian µ = a(p−1)1 a−(q−3)2 .
Now, consider the following representation: ω :πo1 (S − ρ(τp,q)) → Sq+1 from the orb-
ifold fundamental group into the symmetric group of q + 1 elements, such that ω(z1) =
(1,2, . . . , p − 1,p)(p + 1,2p + 1,2p + 2, . . . , q − 1, q)(p + 2, q + 1,p + 3,p +
4, . . . ,2p − 1,2p),ω(z2) = (1, q, q − 1, . . . ,3,2)(q + 1). Notice that ω(ρ0∗) is a tran-
sitive representation ω(ρ0∗(h)) = id , and ω(ρ0∗(µ)) = (p, q)(p+1,p+3)(p+2, q +1).
Let f1 :M → (S3, τp,q) be the branched covering associated to ω(ρ0∗). By the
Riemann–Hurwitz formula we compute the genus g˜ of the base space S˜ of M and it is
zero. Now, if sp and sq denote the exceptional fibers of order p and q in (S3, τp,q) =
(O,0; (p − 1)/p,−(q − 3)/q), and xp , xq are the cone points of S corresponding to the
exceptional fibers sp and sq , respectively, then the points f −11 (xp) and f
−1
1 (xq) have ram-
ification indices given by the cardinalities of the orbits of ω(zi) (i = 1,2) [5]. So, M is the
Seifert bundle:(
O,0; (p − 1)/1, (p − 1/1), (p − 1/1),−(q − 3)/1,−(q − 3)/q)= (O,0;3/q).
Note that this covering is of type {1,2}, and the preimage, f −11 (τp,q), of the torus knot
has q − 2 components, three with branching index two, and branching index one for the
others.
Now we take the 2-fold covering of (O,0;3/q) branched along a component of
f −1(τp,q) having branching index one. By [4, Lemma 2] we can see that this covering1
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ing f2 : (O,0;3/(q/2)) → (S3, τp,q). In a similar way, if we take the 2-fold covering of
(O,0;3/(q/2)) branched along a preimage f −12 (τp,q) with branching index one, we get
[4, Lemma 2] the branched covering f3 : (O,0;3/(q/4)) → (S3, τp,q). Repeating this pro-
cedure (2n + 1)-times, we obtain a branched covering f2n+2 : (O,0;3/1) → (S3, τp,q).
Finally, we take the universal covering of the lens space (O,0;3/1) to get the branched
covering f :S3 = (O,0;1/1) → (S3, τp,q). It is not difficult to see that f restricted to one
component of f −1(τp,q) is a 3-fold covering, and each component of f −1(τp,q) has either
branching index two or one. In fact, there are r = 22n+1(3)+∑2ni=1 2i branching index two
components, and s = 22n+1(q + 1) − 2r branching index one components. 
3. The 2-universal links
In this section we will give infinitely many two components links which are 2-universal.
In the following, we suppose that (S3, τp,q) and S1 × D2 are oriented. We denote by
η(τp,q) a tubular neighborhood of τp,q (p and q as in Section 2.1) and by l1 = k1 ∪ k2
the link in S1 × D2 of Fig. 1. Let j :S1 × D2 → η(τp,q) be an orientation preserving
homeomorphism which takes j (S1 × {∗}) to a fiber h ∈ ∂η(τp,q) = ∂(S3 − int(η(τp,q)))
of the Seifert fibration (O,0; (p − 1)/p,−(q − 3)/q) of S3, where ∗ ∈ ∂D2. We denote
the link j (l1) by l.
Theorem 3.1. The two component link l is a universal link of type {1,2}.
Proof. Let f :S3 = (O,0;1/1) → (S3, τp,q) be the covering space of Proposition 2.1, and
let T be a tubular neighborhood of τp,q containing l in its interior (see Fig. 1). We denote
Fig. 1.
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by T˜ 2 each component of f −1(T ) containing only one preimage of τp,q with branching
index two (i ∈ {1,2, . . . , r}), and by T˜ 1j each component containing one preimage of τp,q
with branching index one, j ∈ {r + 1, . . . , s}. Notice that f restricted to T˜ 2i is a covering
of T branched along τp,q . This covering factors as γ : T˜ 2i → T˜i ∈ u−1(T ), and u : T˜i → T ,
where u is a 3-fold unbranched covering and γ is a 2-fold primitive covering of T˜i branched
along the core C˜ of T˜i , i.e., γ∗ :π1(T˜ 2i ) → π1(T˜i) is surjective.
It is easy to see that u−1(l) ∈ T˜i is a six component link, three components coming from
k1 are isotopic to C˜, for u is a 3-fold covering and k1 is a monotone satellite of τp,q whose
winding number is three (see Fig. 2).
For each component of u−1(T ) containing a preimage of τp,q with branching index
two, we define gi : T˜i → T˜i to be the homeomorphism which maps one of the components
of u−1(k1) onto the core of u−1(T ) and gi restricted to ∂T˜i is the identity. Define g to be
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f on S3 −⊔ T˜ 2i and u ◦ g−1i ◦ γ on T˜ 2i . Hence g :S3 → (S3, l) is a covering branched
along l of type {1,2}, for the branching index is two for only one component of g−1(τp,q)
in T˜ 2i (recall that γ is a 2-fold branched covering) and one for the others.
Now, if we look at the preimage of g−1(l) contained in T˜ 2j we see (Fig. 2) that this is a
six component link (in the picture, the right full twist of g−1(l) is due to the Hopf fibration
of S3 = (O,0;1/1)). But this link contains a four component sublink which is isotopic to
the link L16, and this link is a 2-universal link [2]. Hence l is a 2-universal link, for each
component of the sublink depicted in Fig. 3 has branching index one.
Corollary 3.1. There exist infinitely many two component links which are 2-universal.
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